Worksheet on Mayer-Vietoris

(1) Let R be a ring, M an R-module, and a, b, ¢ ideals of R.
(a) Show that if a C ¢, there is an injective map I';(M) — T'y(M), functorial in M.

(b) Show that
0= Fapo(M) = To(M) @ Ty(M) — Tanp(M)

is left exact.

(c) Show that if R is noetherian, and M = FE is injective, then the sequence above is exact
on the right.

(d) Show that if R is noetherian, then there is a LES
0 = Heyo (M) = Hy(M) & Hy (M) = Heqy (M) = Hey (M) = Hy(M) & Hy (M) = Heey (M) = - -

This is called the Mayer-Vietoris sequence of local cohomology.
(2) (a) Compute the cohomological dimension of I = (x,y) N (u,v) in K[z, y,u,v].
(b) Compute the cohomological dimension of J = (x,y, z) N (u, v, w) in K[z,y, z,u, v, w]

(c) Based on the previous computations and the number of generators of the ideals, give
a range of possible values for ara(/) and ara(.J).

DEFINITION: If (R,m, k) is a local ring, the punctured spectrum of R is the topological space
Spec®(R) := Spec(R) \ {m}.

(3) Let (R, m, k) be a local ring.

(a) Prove that the (unpunctured) spectrum of R, Spec(R), is connected as a topological
space.

(b) Prove that Spec®(R) is disconnected as a topological space if and only if there exist
ideals a,b C R such that vVanb = 1/(0) and va+ b =m.

(c) Show that if depth(R) > 2, then Spec®(R) is connected.

(d) Show that if R is Cohen-Macaulay, and height(/) > 1, then Spec(R) \ V([) is con-
nected.

(4) We will also use another long exact sequence. Let R be a noetherian ring, I an ideal, and
x € R. Then for any R-module M,

0 — HP, (M) — Hj(M) — Hj(M,) = Hp, (M) — -~
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(b) Prove the existence of the long exact sequence above.

(¢) Show that if I = (f1,..., fi), then there is a short exact sequence of complexes
0— C*(f; My)[1] = C*(f, a3 M) — C*(f; M) — 0.

(d) Give a second proof of the long exact sequence above.

(5) Compute ara(/) and ara(.J) from #2.



