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Name: uhowo
Math 412 Winter 2019 Midterm Exam
Time: 100 mins.

1. Answer each question in the space provided. If you require more space, you
may use the blank page at the end of this exam, but you must clearly indicate
in the provided answer space that you have done so.

2. You may use any results proved in class, on the homework, or in the textbook,
except for the specific question being asked. You should clearly state any facts
you are using.

3. Remember to show all your work.

4. No calculators, notes, or other outside assistance allowed.

Best of luck!
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Problem 1 (20 points). Write complete, precise definitions for, or precise mathematical char-
acterizations of, each of the following italicized terms. Be sure to include any quantifiers as
needed.

a) An ideal I in a ring R.
A Wﬁ% W@t%ﬁ “ak 1o Cﬁ%ﬁdwcaﬂmm)
Gnd WM{@LQQQ XeT, AeR Br ah €T

b) A field F.
A commwalahne ﬂw% Ty s tar ooy,
%W—MW/L”:H:& U’”)ﬂ(@&

c¢) The additive inverse y of an element x in a ring R.

An eloyrond 592 Sudithat gw?c: Hry=0.

d) The congruence class of a given integer n modulo 17.

{%QZ; 4?/(1—@5‘3 5L in+4?—k . '“ZT
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Problem 2 (12 points). For each of the questions below, give an example with the required
properties. No explanations required.

a) A domain that is not a field.

4

b) A surjective ring homomorphism that is not injective.

z — Z,

n — En]oL

¢) A nonzero nonunit (element that is not a unit) in Zyggg.

Note: 4699 = 127 - 37 is a prime factorization.

[uﬂ%% |

d) A finite subring of an infinite ring.

Z/D2 < %[X]
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Problem 3 (20 points). For each of the questions below, indicate clearly whether the state-
ment is true or false, and give a short justification.

a) There are 11 distinct principal ideals in the ring Zq;.

Toe oo e orly 2 Adindt (pincpn)) «delo w2,

) aud (11=(2)=(2)=()=(51=06)= (3)=(8)=(@)=C(10)

b) Every subring of a commutative ring is commutative.

’305‘00, Sl um ojC/L@LO. Cmv\'rrumq/eﬁuﬂgiz

Towe -
Han qccﬂ al) a bes ab=lbo. an R
Ao
oo =l an S

c) If F is a field, then the polynomial ring F[z] is a field.

el VO 2 o et mtentida.

d) If R is a ring in which Or # 1g, and ¢ : M3(R) — R is a homomorphism, then ¢ must be

injective. J@/\ L an de@Q in ?,( CP\\
Towe
N %Z%Q@oﬁm (R) ova 305 ord (R

Qnade)cmﬂfw) \E(quom): ig %Op\,
ton kee y = 407 ord (p ko %}ng.
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Problem 4 (10 points). Consider the following operation table for an associative operation
x on the set S = {a,b,c,d, e, f}: here the entry in row x and column y corresponds to the
value of = * y. Use the table to answer the following questions.

a) Does * have an identity, and if so, what is it?

x|la | blcld|el|f
alla|blclid|el|f
blblcla|e|f|d
clcla|b|fld]|e
diid|flelalc|b
eleld| flblalc
fllfleld|c|bla
ol 2 €5

Yo, 0 M@ OxX = xxa = A7
)

b) Is the operation * commutative?

b e dsb- § F2
/

L d -

c¢) Can the operation * be the multiplication for some ring? Justify your answer.

Ij()* W%w&@m

Q@QW\AC«@Q“W“
wadd o ve

/E\O'L OQQ x €S .
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Problem 5 (12 points). For each of the following elements of various rings, find a multiplica-
tive inverse, or else explain why no multiplicative inverse exists.

a) [26]57 € Z57.

53 = A2 A6 +5 ﬁd(oz@)sof):i)m&
- s- =

26 =5-S +1 L - M.26- 5-5F

5 = s\ o

V4 [M]so} {%]5} = (), amd O, s B amvene ) L6 ),

b) 2z + 1 € Zlz].
Hie wets in Z[x] o e wmdo Z/WLQ&M? 1.
% dxA L n&k ameddle
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Problem 6 (10 points). Consider £ = { {;b (c)] ca,b,c€ Z} C My(Z).

a) Show that £ is a subring of M»(Z).
aalen, [
L i e [0 [42)7 (4 &
b o o ptie 20112 2V o) 1€
0[; 1o med vndr oddidie amereo ;. [‘;i} - [gtcﬁb) —Oc,] e o

b) Let I be the ideal of £ of matrices with zeroes on the diagonal:

{8 9 vezlec

Consider the matrix
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Problem 7 (6 points). Let f(x),h(z),j(z) € R[z]. Prove that! if f(z)g(z) = h(x) mod j(x)
has a solution g(z), then ged(f(z),j(x)) | h(x).

W jC(x)a(x):‘ H(x) va@é(z) /pj( /%%29(7@)_ Nom ‘
,F(Dc)gCX)—ﬁx()c) = 9(9@) k() Aou doma Q) k() cR(z(
fhon f(k)g(%) — a(%) k() = INEDR |

oot dfgm‘(qﬂ(n\)g(x)), Sna  d ‘jC(%) and d[g(x),

3| (fe)) ) n) | e ATRG).

'Recall that a(z) = b(z) mod j(z) here means a(x) is congruent to b(z) modulo the ideal I = (j(x)) generated
by j().

8
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Problem 8 (10 points).

a) How many different ring homomorphisms Zy x Zy — Z4 are there?
£ : ' %mmwm%@mjﬁM
T umn
Nere . TQ é;KZ&——ﬁZQIw a 8 $)
= (0 D) aV‘A
LO0=1 - (L0400 = (9

0:4(0)03; 7[((«)4)+(|)'\)) - f(l)\) +TF(4)\\ = 1+1=
Bt 92%0 n 2/4.

b) How many different ring homomorphisms Zy x Zy —+ Z are there?

Lf Z&xz&_tz& 0 o m»g MWW) ,57 (11) =_’|_0molj((o/o)=o_
e (1,1 ;(4/0)"'(9‘)‘ ,’.EJ:/E(\/O) :4:(0)1) :O/‘/f@tQMAP((J()Z o+0=+1 47!’
T ¢l =f(10) =1, thon £(11) = 1 :jﬁ[éj:) ;

S ot [(1,0) =1 and {(0,1)=0 _El. ﬂa(@o);oairtj(o) ‘, |

le condude Hrat He e at Mok L 7“’"9 &W@W&?ﬂww)w%c@u we. om 2w e an

i
2,%Z, s, Z, ond Zxdy —2 4
(gb) — & (g b) F= b,

CWEAM oits the 4%1&‘4‘%) (Wm onls Lhs & {m)

- |
- s CQMQH Q\WWM |
Hore Zj%ama% 2 73““? fowawofuomo g * Ly =1
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