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Name: %W

Math 412 Winter 2019 Final Exam

Time: 120 mins.

1. Answer each question in the space provided. If you require more space, you
may use the back of a page, but indicate that you have done so in the original
answer space.

2. You may use any results proved in class, on the homework, or in the textbook,
except for the specific question being asked. You should clearly state any facts
you are using.

3. Remember to show all your work.

4. No calculators, notes, or other outside assistance allowed.

Best of luck!

Problem | Score
1

O || O | W DD

Total




Winter 2019 Final Exam Math 412

Problem 1 (20 points). Write complete, precise definitions for, or precise mathematical char-
acterizations of, each of the following italicized terms. Include any quantifiers as needed.

a) A group G.

Nt G wdh an anewdve Thechen « sud ol
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b) A normal subgroup H of a group G.

A solpep Hp G Judh Hr gh =ty foroll ge

c¢) Given an action of a group G on a set X, the stabilizer of a point = € X.

Mo () = Ag€ G 8""’"}

d) The order of the element g in a group G.
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'Recall that in our definition, all rings have a multiplicative identity.
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Problem 2 (15 points). For each of the questions below, give an example with the required
properties. No explanations required.

a) A group that is not cyclic.

Ly~ 4y

b) A finite field.

2,

¢) An odd permutation in Sy.

(12 )

d) A group action of a group G on a set X with orbits O(z1) and O(z2) of different cardinalities.
v

§:®4 xX= ¥ W

i o) =1
x - &W@( %W ) )
in: be/(tﬁx q>x (G(Z‘;)]Vlf

e) Two ideals I, J C Zr[z] such that the quotient rings Z7[x]/I and Zr[z]/J both have 49 elements,
but are not isomorphic to each other.

T=07) 7= (")
s Z[x)/ omm domotty whon T==CE) dg f=&
Q! . Z L%]/ o m%debmom
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Problem 3 (16 points). For each of the questions below, indicate clearly whether the state-
ment is true or false, and give a short justification.

a) Every group of order 10 is cyclic.

Sl Do oo Ot 10 ladt if el abdian o it o ;@tcgc&c.

b) If G is a finite group, and N is a normal subgroup, then the order of G/N divides the order of G.

Towe . ok o) G/ so tho idsemy NN & (G N]

L _ [G//l/’ Gl
%Maga% ’110/&%) 6= v [G:n]=

) If p > 0 is prime, then every two groups of order p are isomorphic.

e oy ggeup o o fin Gyl ool & 4

d) If every element in a group G has finite order, then G is finite.
I:F G= Z/OQXZ/(QX o G o MJWU)E et W’a
C—
| hen-hival oot 46

‘@g%gw wn Q.
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Problem 4 (12 points). For each sentence below, circle the best word(s) or phrase(s) to fill
in the blank(s) to make a correct statement.

(a) If a € Z is invertible modulo n, we can use the to find an inverse for a modulo n.
e division algorithm e greatest common divisor
e Chinese Remainder Theorem @Euclidean algorithm
(b) If Ris a , then the cancellation rule ab = ac,a # 0 = b = ¢ holds.
e commutative ring @ domain
e prime ideal e matrix ring

(c¢) If ¢ : G — H is a group homomorphism, the kernel of ¢ is a

@ normal subgroup of G e nontrivial subgroup of G e proper subgroup of G
e normal subgroup of H e nontrivial subgroup of H e proper subgroup of H
(d) If Hisa of the group G, then the set of H-cosets of G forms a group.
e subgroup e finite subgroup
@normal subgroup e abelian subgroup
(e) If a finite set G acts on a finite set X, and = € X, then the times the

equals the order of G.

e number of orbits of x; number of stabilizers of x
e number of orbits of x; number of elements in the stabilizer of x
e number of elements in the orbit of ; number of stabilizers of x
@number of elements in the orbit of x; number of elements in the stabilizer of x

e number of orbits in X; number of stabilizers of X
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Problem 5 (9 points). Indicate whether each of the following statements is true or false, and
prove or disprove it.

(a) The map Zss —> Zss given by x — 17z is a group isomorphism.

e {0 o g %@mmj%mm;

3EC9z+vOL) = /prCaﬁta) = R4ty = jf(%)/rgﬂ%)

{ fan an urmse G Gpvn K %\&):~&%:339‘"
(59)() = (o) = = 3h2= & Ypeg

(é)hﬁ)(%) - %(442} _ 9 Fw = - = F

(b) The map Zss — Zss given by x +— 17z is a ring isomorphism.

Tl Mo 0 WO 7Um9 A?@vwméf%w))&m 1+ 1l

(c) The map Zgs — Zgs given by x — z'7 is a bijection.
e o omap w0 o ity |
Tourat's dﬁﬁ%&: 2= 1 Cuhp) b Z$0'Cwodgr>)J R g
C%"QQZV_QT‘CQ: w =2 (udq) for ol 2 £ poo ume .
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Problem 6 (8 points). (a) Find the order of the permutation (23)(5689) in Sjo.

Huo 1o awd’@[ dm@mfmwﬁaﬁw) /%ﬁﬁ'ﬂvax%mmﬂ? ond
| (28)(scen | = fem (1@3)) 1(568%)|)

= Qcm(o?)[t)
= 4

(b) Find the order? of the coset Ng € G/N, WhereG:GLQ(Zﬁ,N:{{g 2} ‘aez;},and
o= 3
8§ZA/) o }/\(g[>i
A_Ta3)=]4 ovfaﬂ»e,-s]:% 2= [ro|eN
8:L05] Lo A5 0 a5 0 4

wo [Ng]=a

20Order as an element of the group, not cardinality
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Problem 7 (5 points). Give an example or prove that no such example exists:
a polynomial f € Q[z] of degree 3 with exactly two distinct rational roots and one irrational root.

M@mm&%@m&'- Fros 1o
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Problem 8 (5 points). The number of “moves” on a Rubik’s cube is
N = 43,252,003, 274, 489, 856,000 = 227 . 314 .53 .72 . 11,

where a “move” consists of any combination of twists on the cube. The set of moves on a Rubik’s
cube forms a group under composition. Explain why, if a move M is such that M repeated 26
times in a row leaves all of the tiles unchanged, then M repeated twice in a row leaves all of the

tiles unchanged.
oAb

%13 da%mfngrz/s ’fﬁDGLQWI) lMl]/\f) it (I\/J/B);i.
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Problem 9 (10 points). (a) Let G be a group. Show that the rule g - h = ghg™! defines a group
action (of the group G on itself as a set X = G).

1) Toudll heG, o-h=H
oo h = 2he! = 4
2) Foall g feG ard dll hel 9.@2,%): (%g),@_
g (p-#) = §-(417) = 9 G g
= (g )Agp)" =(gf) -4
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