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Name:

Math 412 Winter 2019 Final Exam

Time: 120 mins.

1. Answer each question in the space provided. If you require more space, you
may use the back of a page, but indicate that you have done so in the original
answer space.

2. You may use any results proved in class, on the homework, or in the textbook,
except for the specific question being asked. You should clearly state any facts
you are using.

3. Remember to show all your work.

4. No calculators, notes, or other outside assistance allowed.

Best of luck!
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Problem 1 (20 points). Write complete, precise definitions for, or precise mathematical char-
acterizations of, each of the following italicized terms. Include any quantifiers as needed.

a) A group G.

b) A normal subgroup H of a group G.

c) Given an action of a group G on a set X, the stabilizer of a point x 2 X.

d) The order of the element g in a group G.

e) An1 ideal I in a ring R.

1
Recall that in our definition, all rings have a multiplicative identity.

2

A set G with an associative
operation . such that :

( identity ) there exists e EG such that eg
-

-

ge
= g for all get

( inverses ) for every n E G there exists y EG such that my = yr
= e

.

A subgroup H of G-
such that g

H = Hg for all g EG .

Stab Ca ) = { ge G : g
- n = n }

Ig I = I c g > I

number of
elements in the subgroup generated by g .

A nonempty subset I E R such that

• €
,
t ) is a subgroup of

CR
,
t )

• For every r ER
,

a EI
,

we have ra EI and ar EI
.
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Problem 2 (15 points). For each of the questions below, give an example with the required
properties. No explanations required.

a) A group that is not cyclic.

b) A finite field.

c) An odd permutation in S9.

d) A group action of a group G on a set X with orbits O(x1) and O(x2) of di↵erent cardinalities.

e) Two ideals I, J ✓ Z7[x] such that the quotient rings Z7[x]/I and Z7[x]/J both have 49 elements,
but are not isomorphic to each other.

3

212 + Za

Z
2

( 12 )

too
G- = 124

,

X= THE square

E- center of
the square ( 10cm ) 1=1

sea = vertex v
10%11=4

)

I -_ ( 22 )
,

2=(22+1)
Siderites : ZEKI has 49 elements when I - Cf )

,
dog f=2 .

His reducible ⇒ Zinke is not a domain(
a :* .am#m.::i:::::::dE:m:?soaa...me !
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Problem 3 (16 points). For each of the questions below, indicate clearly whether the state-
ment is true or false, and give a short justification.

a) Every group of order 10 is cyclic.

b) If G is a finite group, and N is a normal subgroup, then the order of G/N divides the order of G.

c) If p > 0 is prime, then every two groups of order p are isomorphic.

d) If every element in a group G has finite order, then G is finite.

4

False
. Ds has order to but it is not abelian

,
so it is not cyclic .

True
.

the order of GIN is the index of N
Th G

,

EG : NJ
.

By Lagrange 's theorem ,
I a- I = IN EG : NI ⇒ l GINI / lat .

True
. Every group of order p

is cyclic , so isomorphic to Zp .

False
. If G- = 22×22 x - - -

,
G is infinite ,

but every
-

infinitely many
non - final element has

copies
order 2

.

9- 22
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Problem 4 (12 points). For each sentence below, circle the best word(s) or phrase(s) to fill
in the blank(s) to make a correct statement.

(a) If a 2 Z is invertible modulo n, we can use the to find an inverse for a modulo n.

• division algorithm

• Chinese Remainder Theorem

• greatest common divisor

• Euclidean algorithm

(b) If R is a , then the cancellation rule ab = ac, a 6= 0 =) b = c holds.

• commutative ring

• prime ideal

• domain

• matrix ring

(c) If ' : G ! H is a group homomorphism, the kernel of ' is a .

• normal subgroup of G

• normal subgroup of H

• nontrivial subgroup of G

• nontrivial subgroup of H

• proper subgroup of G

• proper subgroup of H

(d) If H is a of the group G, then the set of H-cosets of G forms a group.

• subgroup

• normal subgroup

• finite subgroup

• abelian subgroup

(e) If a finite set G acts on a finite set X, and x 2 X, then the times the
equals the order of G.

• number of orbits of x; number of stabilizers of x

• number of orbits of x; number of elements in the stabilizer of x

• number of elements in the orbit of x; number of stabilizers of x

• number of elements in the orbit of x; number of elements in the stabilizer of x

• number of orbits in X; number of stabilizers of X

5

O

O

O

O

O
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Problem 5 (9 points). Indicate whether each of the following statements is true or false, and
prove or disprove it.

(a) The map Z35 �! Z35 given by x 7! 17x is a group isomorphism.

(b) The map Z35 �! Z35 given by x 7! 17x is a ring isomorphism.

(c) The map Z85 �! Z85 given by x 7! x17 is a bijection.

6

f-

True
. f is a group

honor plasm :

f Cn ty ) = It Get y ) = Art Hy = f Cn ) tf G )

f has an inverse g given by gcn ) = - 2x = 33k :

ffg ) Ca ) = f f - 2n ) = - ht . 2 n = -34K = R tf see 235

( gf ) Cal = g ( rise ) = - 2 - the = - 342 = K

False .

This is not a ring homomorphism ,
since Its Hft .

True .

this
map

is the identity
!

Fermat 's Little theorem : RP
- '

II Cneodp ) when k¥0 Cueod p )
,
p pome .

Consequence : a PER fueod p ) for all k if p is prime .

285¥ Zyx Zs and 5 and 17 are prime . then :

• z
'

a ( mod A)

• n
't

= @4)
"
a = { to : : if :¥I = a Cmods )
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Problem 6 (8 points). (a) Find the order of the permutation (2 3)(5 6 8 9) in S10.

(b) Find the order2 of the coset Ng 2 G/N , where G = GL2(Z7), N =

⇢
a 0
0 a

� ���� a 2 Z⇥
7

�
, and

g =


2 3
0 5

�
.

2
Order as an element of the group, not cardinality

7

this is a product of dugout permutations ,
sothey commute ,

and

I ( 23 ) ( 5689 ) I = km ( K2 3) I , I (568971 )
= km ( 2

,
4)

= 4
.

get N ,
so I Ngl > t

off ; ⇒ =L : - assist ⇒ =L: :]
"

so I Ng 1=2 .



Winter 2019 Final Exam Math 412

Problem 7 (5 points). Give an example or prove that no such example exists:
a polynomial f 2 Q[x] of degree 3 with exactly two distinct rational roots and one irrational root.

Problem 8 (5 points). The number of “moves” on a Rubik’s cube is

N = 43, 252, 003, 274, 489, 856, 000 = 227 · 314 · 53 · 72 · 11,

where a “move” consists of any combination of twists on the cube. The set of moves on a Rubik’s
cube forms a group under composition. Explain why, if a move M is such that M repeated 26
times in a row leaves all of the tiles unchanged, then M repeated twice in a row leaves all of the
tiles unchanged.

8

there is no such polynomial
!
Suppose

there is
.

f- has a root 7 EQ ⇐ ca - x ) is a factor off .

If f has at least a national roots a
,
B , then

feel = ( n - a) Ck - p ) g
Ck )

.

But then g

has degree 1
,

which means f has a third national

root !

we know 1426 = e
,
so 1Mt I 26

.

By Lagrange
's theorem

,
I Ml / N

,
but CN, 137=1 .

we conclude that I tell 2
,
so M

-
= e

.
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Problem 9 (10 points). (a) Let G be a group. Show that the rule g · h = ghg�1 defines a group
action (of the group G on itself as a set X = G).

(b) Prove that if G is any group of order p2, where p > 0 is prime, then the center of G is not {e}.

9

1) For all HE G
,

e . h = h :

e . h = eh e-
'

= h
.

2) For all g , f EG ,
and all he G

, g
• ( f . h ) = (gf ) . h

.

go Cf . h ) =

go ( th f
' ) = g Cf htt ) g

' '

= (gf ) h (gf )
- '

Igf ) . h
.

Consider the action
of

a- on a- by conjugation .

the fixed pants of
this action are precisely the elements of

the center :

10Ch ) I =L ⇐ t
g
EG ghg

- '
eh ⇐ fg EG gh=hg ⇐ he ZCG )

By the
orbit - stabilizer theorem

,
the size of

each orbit dudes p2
,

so orbits have b p or pa
elements .

then

I ZCGH.tt#abb-ofh2ep )
.pt#odabqnzep9.p=p2

→ Iz ca - l l is a multiple of 12 Is
IZCGH > p .

Since et ECE )


