Introduction to Modern Algebra II UNL | Spring 2026

Problem Set 7

Due Thursday, March 5

Instructions: You are encouraged to work together on these problems, but each student should
hand in their own final draft, written in a way that indicates their individual understanding of the
solutions. Never submit something for grading that you do not completely understand. You cannot
use any resources besides me, your classmates, and our course notes.

I will post the .tex code for these problems for you to use if you wish to type your homework.
If you prefer not to type, please write neatly. As a matter of good proof writing style, please use
complete sentences and correct grammar. You may use any result stated or proven in class or in a
homework problem, provided you reference it appropriately by either stating the result or stating
its name (e.g. the definition of ring or Lagrange’s Theorem). Please do not refer to theorems by
their number in the course notes, as that can change.

Problem 1. Let F' be a field, let V and W be vector spaces over F,let a: V — V and b: W — W
be linear transformations and let V; and W, be the F[z]-modules they determine.

a) Show that a function ¢ : V, — W}, is an F[z]-module homomorphism if and only if

(1) g: V — W is a linear transformation and

(2) goa=bog.

Proof. Suppose that F'is a field, V, W are vector spaces over F', a: V — V and b: W — W are
linear transformations, and g : V, — W}, is a function.

(=): Suppose that g is an F[z]-module homomorphism. Then for all f € F[z] and v,v" € V| we
have g(v+v") = g(v)+g(v') and g(fv) = fg(v). Considering the first of these identities together
with the second one applied in the particular case where f € F' is a constant polynomial shows
that ¢ is also an F-module homomorphism, so (1) holds.

Moreover, using the definition of the F[z]-module action on V, and W}, we have

Vo action hom Wy action
(goa)(v) = gla(v)) ™ =" g(w-v) T =" zg(v) 7" =" b(g(v)) = (bo g)(v).
Therefore (2) holds.
(<): Suppose that (1) and (2) hold. Let p be any element of F[z], and let v,v" € V,. We can

write .
p(@) = for" + -+ fo =Y fia!
i=0
for some n > 0 and f,,..., fo € F. Property (2) and induction on i gives g o a’ = b’ o g for all
i > 1; denote this property as (2’). Now we check that g is an F'[x]-module homomorphism:

glv+v) = gv)+g() by (1)

g ((Z fixi> v) Vo action (Z fz‘ai(v)> g > figla'(v)))
=0 =0 =0

DS sbig) " E Y falg(e) = plalg(o).
i=0 =0

g(p(w)v)
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Hence ¢ is an F[z]-module homomorphism. O

Suppose that V = F™ = W, and let A, B € M,,,(F') be the matrices representing the linear
transformations a and b, respectively, in the standard basis of F". Show that there is an
F[z]-module isomorphism V,, = W), if and only if the matrices A and B are similar.

Proof. Using part (a), a function g : V, — W} is an F[z]-module homomorphism if and only if it
is F-linear and satisfies goa = bo g for some g. We showed in class that there is an isomorphism
Homp(V, W) = M,,(F); more precisely, we showed that the linear map g: V, — W, is F-linear
if and only if, fixing the standard basis of V, = W; = F™, g can be represented by a matrix P
such that g(v) = Pv for all v € V.

Furthermore, g is an isomorphism if and only if P is invertible. If g is an isomorphism, then
goa = bo g holds and thus PA = BP <= B = PAP™' so A and B being similar.
Conversely, if A and B being similar, then there exists some invertible matrix P such that
PA = BP <= B = PAP™'. The map ¢g: V — W defined by g(v) = Pv is an isomorphism,
since P is invertible, and PA = BP implies goa = bog. We conclude that g gives an isomorphism
Vo 2 W, OJ

Problem 2. Determine, with justification, if the following two matrices with complex entries are
similar.

0 -4 0 0 20 0 0
1 4 0 0 020 0
A=1g o o 4| @™B=13 4 9 ¢
0 0 1 4 001 2

Proof. Recall that two matrices are similar if and only if they have the same invariant factors. Note
that A is in rational canonical form corresponding to two companion matrices of z? — 4z + 4. In
particular, the invariant factors of A are (z — 2)?|(z — 2)2. Now we compute the invariant factors
for B. To do this, we compute the Smith Normal Form of

-2 0 0 0
0 z—-2 0 0
el=B=1 0 z—2 0
0 0 -1 z-2

-1 0 0 x—2
0 T —2 0 0

T —2 0 0 0
0 0 r—2 0

1 0 0 0
0 r—2 0 0
0 0 0 (x—2)?
0 0 z-2 0
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After another row and column swap, we obtain the Smith Normal Form

1 0 0 0
0 z—2 0 0
0 0 z-2 0
0 0 0 (x—2)?
In particular, the list of invariant factors is x — 2|z — 2|(x — 2)2, so B is not similar to A. O]
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