Introduction to Modern Algebra II UNL | Spring 2026

Problem Set 5

Due Thursday, February 19

Instructions: You are encouraged to work together on these problems, but each student should
hand in their own final draft, written in a way that indicates their individual understanding of the
solutions. Never submit something for grading that you do not completely understand. You cannot
use any resources besides me, your classmates, and our course notes.

I will post the .tex code for these problems for you to use if you wish to type your homework.
If you prefer not to type, please write neatly. As a matter of good proof writing style, please use
complete sentences and correct grammar. You may use any result stated or proven in class or in a
homework problem, provided you reference it appropriately by either stating the result or stating
its name (e.g. the definition of ring or Lagrange’s Theorem). Please do not refer to theorems by
their number in the course notes, as that can change.

Problem 1. Let R be a commutative ring. Let D = [d;;] € Mat;,x,(R). Suppose that di1,...,dy #
0 for some ¢ < min{m,n}, and that every other entry of D is zero. Let M be the module presented
by D.

(a) Show that M is isomorphic to

R @ R/(di1) @+ @ R/(dy).

Proof. Consider the map ¢ : R™ — R™ ' ® R/(d11) ® R/(d2) ® --- ® R/(du) given by
A((r1y sty Tttty Tm)) = (Peats ooy Ty 1 + (d11), - o7 + (dit)).

Claim 1: ¢ is a surjective R-module homomorphism. The fact that ¢ is surjective is clear
from the definition. To see that ¢ is an R-module homomorphism, we can check the definition
directly (omitted) or realize this as a map coming from the UMP for free modules (omitted).

Claim 2: ker(¢) = im(tp), for tp : R™ — R™ the linear transformation tp(v) = Duv.

Let (r1,...,7m) € ker(¢). Then r; + (ai;) = 0+ (di;) or equivalently r; € (d;;) if 1 <1i <t and
r; =0ifn+1<i<m. It follows that

ker(¢) = Ogm-¢ ® (d11) ® - - - @ (du).
On the other hand, we have
im(tp) ={Dv |v=(r1,...,rm) € R"} ={(0,...,0,d1171,...,dur) | (r1,...,m) € R"}

= Opm—t ® (d11) ® -+ ® (du)
which gives the desired equality.
By the First Isomorphism Theorem applied to ¢ and Claim 2, we conclude that

R"™ '@ R/(d11) ® R/(da2) ® -+~ ® R/(du) = R™/ker(¢) = R™/im(tp) = M.
O]

(b) Suppose that diq | --- | d#. Give a formula for the annihilator of M in terms of m,n,t and
the entries d;;.
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Proof. First, consider the case m > ¢t. We claim that in this case anng(M) = 0. Note that
0 € anngp(M) always so we just need to show that 0 is the only element of the annihilator.

Note first that isomorphic modules have equal annihilators. Indeed, if ¢ : M — N is an
isomorphism and r € anng(M ), we claim that r € anng(N); if n € N, we can write n = ¢(m)
for some m € M, and then rn = r¢(m) = ¢(rm) = ¢(0) = 0. Since we have an inverse
isomorphism ¢~! : N — M, we have anng(M) C anng(N) and anng(N) C anng(M), so
equality holds.

By part (a) and the remark above, we instead consider R™ ¢ @ R/(d11) @ --- @ R/(dy). Let
e be a basis vector for R™ and (e,0,...,0) € R™ '@ R/(dy1) ® -+ & R/(dy). Then if
r(e,0,...,0) = 0, we must have re = 0 in R™~*, which implies » = 0. This shows the claim.
Now we consider the case m = t. We claim that anng(M) = (dy) in this case.

We again consider the annihilator of R/(d11)®- - -®R/(dy) by part (a). If r € (dy) then r € (dy;)
for all 4, so (a1 + (d11), ..., at+ (dg)) = (rar + (di1, - . ., rag + (dw)) = (04 (d11), - .-, 04 (dy)),
the zero element, so r is an element of the annihilator. Conversely, if r annihilates this module,
then

(0 + (dll), - ,O + (dtt)) = 7"(0 -+ (dll)a RN 1+ (dtt)) = (0 + (dn), e, Tt (dtt))a
so r € (du). O

Problem 2. Let
7 =51 5 —26

A= |-112 74 8 36 | € Matgxs(Z).
—36 24 0 12

Let t4 be the Z-module homomorphism v — Av. The Smith Normal Form is given by A = PDQ

where
7 -5 -3 =2

11 -2 10 0 0
P:013,D:0200,andQ::§;3?
00 1 00 12 0 o 0 1 0
The inverses of P and () are given by
L1 20D
Pl=10 1 -3|] andQ!=
0 0 1 0 0 0 1
1 -1 3 7

(a) Find the simplest representative, up to isomorphism, of the module presented by A.

Proof. From a Theorem in class, we know that multiplying on either side by an invertible
matrix produces an isomorphic module. Thus the module presented by A is isomorphic to the
module presented by D. We also know that we can ignore a column of zeroes in the presenting
matrix and obtain an isomorphic matrix, so we can consider the module presented by

1 0 0
0 2 0
0 0 12
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We also know that we can remove a column with a single 1 entry and remove the corresponding
row, so we can consider the module presented by

o

From the previous exercise, this is isomorphic to Z/2 @ Z/12.

Find a basis for im(t4) C Z3.

Proof. Claim: im(t4) = tp(im(tp)).

Proof of claim: To show the D containment, let v € im(¢p), so v = Dw for some w. Then
tp(v) = PDw = PDQ(Q ™ 'w), so tp(v) € im(t4). Thus im(t4) D tp(im(tp)).

To show that C containment, let v € im(t4), so v = Aw for some w. Thus v = PDQuw =
tp(tp(Qw)), so v € tp(im(tp)). Thus im(ta) C tp(im(tp)).

Now, since tp is an isomorphism and ej, 2e3, 12e3 form a basis for im(tp), a basis for tp(im(tp))
is given by tp(e1),tp(2e2),tp(12e3); namely

17 2] [-24
121, | 36
ol |o 12

Find a basis for ker(t4) C Z*.

Proof. Claim: ker(ta) = tg-1(ker(tp)).

Proof of claim: To show the O containment, let v € ker(tp), so Dv = 0. Then Aty-1(v) =
PDQQ v = PDuv =0, 50 ty-1(v) € ker(ta).

To show that C containment, let v € ker(t4), so Av = 0. Then v = ty-1(Qv), and DQv =
P~1Av = P70 =0, so Qu € ker(tp). Thus v € tg-1(ker(tp)).

Now, since tg-1 is an isomorphism and e4 forms a basis for ker(tp), a basis for tg-1(ker(tp))
is given by tp-1(e4); namely
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