Introduction to Modern Algebra II UNL | Spring 2026

Problem Set 2

Due Thursday, January 29

Instructions: You are encouraged to work together on these problems, but each student should
hand in their own final draft, written in a way that indicates their individual understanding of the
solutions. Never submit something for grading that you do not completely understand. You cannot
use any resources besides me, your classmates, and our course notes.

I will post the .tex code for these problems for you to use if you wish to type your homework.
If you prefer not to type, please write neatly. As a matter of good proof writing style, please use
complete sentences and correct grammar. You may use any result stated or proven in class or in a
homework problem, provided you reference it appropriately by either stating the result or stating
its name (e.g. the definition of ring or Lagrange’s Theorem). Please do not refer to theorems by
their number in the course notes, as that can change.

Problem 1. Let R be a ring, let M be an R-module, and N be a submodule of M.

(a) Suppose that M is free with basis B. Suppose that N is free with basis C C B. Show that
M/N is free and give a formula for a basis in terms of B and C.

Proof. We claim that M/N is free on the basis A={a+ N | a € B~ C}.

First, we show that A is linearly independent. Let (a1 + N),...,(ay, + N) € A and take an
R-linear combination
ri(ar +N)+---+rp(an + N) = Onrr/N-

This means
(rar+---+rpan) + N =N

in M/N, which means that
riay + -+ rpay GN,

SO we can write
riay + -+ rpay = S1€1 + 0+ Smim

for some s; € R, and ¢; € C, since C spans N. Moving everything to one side, we have
ria1 + -+ rpGp — 8161 — - — SmCm =0

and since a;,c; € B, which is linearly independent, we must have r; = s; = 0 all 4,5. In
particular, r; = 0 for all ¢, so A is linearly independent.

Now we show that A generates M/N. Let m+ N € M/N. Since B spans M we can write
m=riay + -+ rpyp +81C1 + -+ SmCm
for some 73,55 € R, a; € BN\ C, and ¢j € C. Then, since ¢j € N,
m+ N = (ria1+ - +rpan +sic1+ -+ Smem) + N =r1(a1 + N) + -+ rp(ay, + N)

in M/N, so A spans M/N. O
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(b) Suppose that N is free and M/N is free. Show that M is free.

Proof. Let C be a basis for IV, and let A be a basis for M/N. For any element o € A, we can
write « = a+ N for some a € M; pick some a for each a and let A be the set of these elements
a. We claim that B = AU C is a basis for M.

First we show that B is linearly independent. Let ai,...,a, € A and ¢1,...,¢n, € C, and
suppose
a1 + -+ rpap + s1€1 + -+ Spmem = 0.

Then we have
rar+ -+ rpan s+ -+ Smem + N=r1(a1 + N)+ - +rp(an + N) =N

in M/N, since ¢; € N. Since {a; + N} are linearly independent in M /N, we must have r; =0
for all ¢. Returning to our dependence relation, we have

s1c1 + -+ Smem = 0,

and since C'is linearly independent, we also have s; = 0 for all j. Thus B is linearly independent.

Now we show that B generates M. Let m € M. Since A is a basis for M /N, we can write
m+ N =ri(a1 +N)+ - +rn(an + N)
for some r; € R and a; € A. This means that
m — (ria1 + -+ +rpan) € N

SO we can write
m — (riay + -+ Tan) = 5161+ -+ Sl

for some s; € R and ¢; € C. Then
m=ria1+ -+ rpay +81€1 + -+ SmiCm

is generated by B. This shows that B is a basis. O

Problem 2. Let R be a ring, let M be an R-module, and N be a submodule of M.

(a) Give an example of a free module M and a submodule N that is free but M/N is not free.

Proof. One example is given by R = Z, M = Z', and N = (2). To see that N is free, we
consider the map p : Z — Z of multiplication by 2. We have seen that this is an R-module
homomorphism. It is injective since Z is a domain, and its image is (2), so by the First
Isomorphism Theorem, Z = (2) as Z-modules, and hence (2) is free. We have seen that Z/(2)
is not free in class, since no nonempty subset is linearly independent, and the empty set does
not span. [
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(b) Give an example of a free module M and a submodule N that is not free.

Proof. One example is given by R = M = Z[z] and N = (2,z). To see that N is not free,
suppose that N has a basis B. If |B| > 2, take a,b € B; if a = 0 then 1-a = 0 shows that B is
linearly dependent, and otherwise the relation b-a—a-b = 0 shows that B is linearly dependent.
If |B| = 1, then (2,x) is generated by one element, so (2,z) = R - f for some f € R. Then
(2,z) = (f) as ideals, but we showed in Math 818 that this is not a principal ideal. |B| =0 is
impossible since N # 0. We conclude that NV is not free. O

Problem 3. A module M is simple if the only submodules of M are 0 and M. Let R be a
commutative ring. Show that an R-module M is simple if and only if M = R/m for some maximal
ideal m.

Proof. (=) Assume M is simple and pick any element m € M with m # 0j;. Consider the
submodule Rm of M generated by m. Since m # 0, then Rm # 0. Since M is simple, we conclude
that M = Rm. By a result from class, every cyclic module is isomorphic to R/I for some ideal I.
Therefore, M = R/I for some ideal I.

By the lattice isomorphism theorem for modules, submodules of R/I are in bijective correspon-
dence with submodules of R that contain I. A submodule of R is the same thing as an ideal, and
since R/I is irreducible, we must have that there are no proper ideals of R that properly contain
I — that is, I must be maximal. So M = R/m for a maximal ideal m = I.

(<) Assume M = R/m for some maximal ideal m of R. By the Lattice Isomorphism Theorem,
the submodules of R/m correspond to submodules I of R containing m. But a submodule of R is
the same as an ideal, and since m is maximal the only ideals I O m are m and R. Therefore, the
only submodules of R/m are R/m and m/m = 0, and thus R/m is simple. We conclude that M is
simple. ]

Problem 4. Prove that Q is not a free Z-module.

m

Proof. By way of contradiction, suppose that Q has a basis B. Let b = * € B, and consider
% = 5. € Q. We can write g = >, nib; for some n; € Z and b; € B. Then

b= 2(2 nlbl) = 2(2111)61

%

implies

(=D)b+ > _(2n:)b; =0,

contradicting linear independence of B. Thus, no basis exists. O

3o0of3



