PROBLEM SET #2

(1) Compute the singular locus (i.e., set of points at which the variety is singular) of each of the following
complex affine varieties!:
(a) V(2? —y?z) c C3.
(b) V(2* +y*+22—1) c C>.

(c) V<2><2minorsof lu Y w])Q(Cﬁ.
Ty =z

(2) Determine if each of the following local rings is regular or not:
(a) R = Z[xa y](2,:1:,y)/(2 - IQ + y2)'
(b) R = Z[Jf, y](2,m,y)/(4 - xQ + y2)

(3) *Let X =V(f1,...,fa) € C™and Y = V(g1,...,95) S C™ be complex affine varieties. Let ® :
X — Y be the morphism given by the rule ®(ay,...,a,,) = (h1(a),...,h,(a)) for some polynomials
hi,..., hn € Clz1,...,2m]. Let S = C[X] and R = C[Y] be corresponding coordinate rings, n the
maximal ideal of a, m = n n R the maximal ideal of ®(a), and ¢ : R — S the induced map (i.e.,
o(yi) = hi(z)).

£X.a . . .
(a) Show that the map T,(X) —— Dergc(R/n) is an isomorphism.

V> Zz Ui£|z:a
(b) Show that there is a well-defined vector space map Ty (®) : T,(X) — Tg(q)(Y) given by
To(®)(v) = J(h1,. .., hp)|a - 0.
(¢) Note that R/m = S/n, so we can identify S/n as an R-module with R/m. Show that the

following diagram commutes

Ta(®)
T, (X) - T<I>(a) (Y)

;J/fx,a ;liy,@(a)
*

Derg|c(S/n) ——= Dergjc(R/m).

(4) * Let K be an algebraically closed field. Let R 2, S be a homomorphism of finitely generated
reduced K-algebras, and X 2, Y the corresponding map of varieties. Show that Qg r = 0 if and
only if the induced map on tangent spaces T, (®) : To(X) — Tp(4)(Y) is injective for every a € X.

(5) Let R and S be A-algebras.
(a) Show that Q(RXS)\A = QR\A®QS|A-
(b) Show that Q(S®AR)|S ~S®a QR|A~

a ow that 1 as characteristic p > 0, then Qg7 = Qg(gre.
6 * Sh hat if R has ch isti 0, then Qp, Qp
(b) Show that Qp [,]r, is generated by dz.
(c) Is Qcpapic generated by dx? Is it finite generated?

You do not need to justify that these are irreducible, and that the dimension of the third is four; however, you should know
how to do this!
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