
PROBLEM SET #1

(1) * Basic rules with derivations:

(a) Prove the generalized product rule for derivations: if B : R Ñ M is a derivation, then

Bpa1 ¨ ¨ ¨ anq “
řn
j“1p

ś

j‰i aiqBpajq.

(b) Prove the power rule for derivations: if B : RÑM is a derivation, then Bprnq “ nrn´1Bprq.

(c) Show that if R is a ring of characteristic p, then the subring Rp :“ trp | r P Ru is in the kernel

of every derivation.

(2) * Let A be a ring and S “ Arx1, . . . , xns be a polynomial ring.

(a) Let R be an N-graded A-algebra such that A lives in degree zero. Show that there is a derivation

on R such that for every homogeneous element f of degree d, Bpfq “ df . This derivation is

called the Euler operator associated to the grading.

(b) Let S “ Arxλ |λ P Λs be a polynomial ring over A endowed with the N-grading by the rule

degpxλq “ nλ. Express the Euler operator of the grading as an S-linear combination of the

partial derivatives.

(3) Let A be a ring and R “ Arx1, . . . , xns be a polynomial ring.

(a) Give an explicit formula for the Lie algebra bracket on DerR|ApRq.

(b) Does DerR|ApRq have any nontrivial proper Lie ideals (i.e., A-submodules B such that rd, bs P B

for all b P B and d P DerR|ApRq)?

(4) Let R be a ring of characteristic p ą 0 and B : RÑ R be a derivation. Show that Bp, i.e., the p-fold

self composition of B, is a derivation on R.

(5) Let R “ C8pRnq be the ring of smooth functions on Rn, and m be the maximal ideal consisting of

functions that vanish at some point x0 P Rn.

(a) * Show that mt consists of the functions f P R such that da1

dx
a1
1

¨ ¨ ¨ d
an

dxan
n
pfq|x“x0

“ 0 for all

a1, . . . , an with 0 ď a1 ` ¨ ¨ ¨ ` an ă t.

(b) Show that DerR|RpR{mq – pm{m
2q˚ – Rn as vector spaces.

As a moral, we conclude that DerR|RpR{mq serves as a model for the tangent space of Rn at x0

constructed from the ring of smooth functions.

(6) * Let R be an A-algebra and I an ideal. Show that if the identity map on I{I2 is in the image of

DerR|ApI{I
2q

res
ÝÝÑ HomApI{I

2, I{I2q, then there is an A-algebra right inverse to the quotient map

π : R{I2 Ñ R{I. Conclude that the following are equivalent:

‚ DerR|ApMq
res
ÝÝÑ HomApI{I

2,Mq is surjective for all R{I-modules M ;

‚ DerR|ApI{I
2q

res
ÝÝÑ HomApI{I

2, I{I2q is surjective;

‚ The quotient map R{I2 Ñ R{I has an A-algebra right inverse.

(7) Let R be a ring and M an R-module. Recall that R oM denotes the Nagata idealization of M :

the ring with additive structure R ‘M and multiplication pr,mqps, nq “ prs, rn ` smq. Show that

α : RÑM is a derivation if and only if p1, αq : RÑ RoM (r ÞÑ pr, αprqq) is a ring homomorphism.
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