
MIDTERM EXAM

Please turn in four of the following problems. If you intend to take an written algebra comprehensive exam,

I recommend attempting the problems in a timed setting with no notes at first, and then continuing with

the problems later.

(1) For each of the following, find an example with justification, or show that none exists:

(a) A ring R such that C Ď R Ď Crx, ys that is not Noetherian.

(b) A ring R such that Crx2, y2s Ď R Ď Crx, ys that is not Noetherian.

(2) Let R be a unique factorization domain and p Ď R be a nonzero prime ideal. Show that p has

height 1 if and only if it is principal.

(3) Let pR,mq be a local ring and M be a nonzero R-module. Assume that R is a domain but not a

field. Show that if M is injective then M is not finitely generated.

(4) Give, with justification, ideals I, J Ď Crx, ys such that

‚
?
I “

?
J “ pyq,

‚ I has a unique minimal primary decomposition,

‚ J has distinct minimal primary decompositions.

(5) Let 0 Ñ L Ñ M Ñ N Ñ 0 be a short exact sequence of modules. Show that SuppRpMq “

SuppRpLq Y SuppRpNq.

(6) Let M be a finitely generated module over a Noetherian ring R. Show1 that the following are

equivalent:

(a) M has finite length;

(b) AssRpMq Ď MaxpRq;

(c) SuppRpMq Ď MaxpRq.

(7) Let A
α
ÝÑ B

β
ÝÑ C be ring homomorphisms. Show that A

βα
ÝÝÑ C is integral if and only if A

α
ÝÑ B and

B
β
ÝÑ C are both integral.

1Hint: For (3) ñ (1), you may want to apply the previous problem to a prime filtration.
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