
ASSIGNMENT #3

(1) Let R be a Noetherian ring and W´1 be a multiplicatively closed subset. Show that W´1R is also

Noetherian.

(2) Let K Ď L be fields, and R “ Krx1, . . . , xns Ď S “ Lrx1, . . . , xn be polynomial rings. Let I Ď R be

an ideal.

(a) Show1 that if I Ď R is a proper ideal, then the expansion IS Ď S is also a proper ideal.

(b) Show2 that IS XR “ I.

(3) Let K be a field, R “ Krx1, . . . , xns be a polynomial ring, and I Ď R be a proper ideal.

(a) Show that ZKpIq ‰ ∅.

(b) Show that f P
?
I if and only if ZKpfq Ě ZKpIq.

(c) Show3 that
?
I “

č

mPMaxpRqXV pIq

m.

(4) Describe all of the elements of SpecpCrxsq and SpecpRrxsq, and describe the map SpecpCrxsq Ñ SpecpRrxsq
induced by the inclusion map Rrxs Ď Crxs.

(5) Let R be Noetherian, and M be an R-module, not necessarily finitely generated. Show that the

support of M is Zariski closed implies that AssRpMq has finitely many minimal elements.

(B) Show4 that SpecpRq is connected if and only if R cannot be written (up to isomorphism) as a direct

product of two rings.

1Hint: It might be useful to think of Lrx1, . . . , xns as LbK Krx1, . . . , xns.
2Hint: Consider the map R{I Ñ S{IS.
3Hint: For the containment “Ě”, if f R

?
I, take a “ pa1, . . . , anq P ZKpIq r ZKpfq. Show that the image of the ring

homomorphism φa : R Ñ K sending f ÞÑ fpa1, . . . , anq is a field, and hence the kernel is a maximal ideal containing I

but not f .
4Hint: You might end up wanting to show along the way that if the class of e in R{

a

p0q is idempotent, then some element in

e`
a

p0q is idempotent in R. It may be helpful to apply the Chinese Remainder Theorem to enp1´ eqn for this.
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