
ThinBernstein : Ifor ft o in kEti . - -in]
,

k field ofcharo, there is a nonzero
Functional equation for f.
1¥ Consider Rfcs )off as Dpe kiss

-module
.

Consider the descending chain ofsubmodules :
DRGHKCSIESZ Dressiest FIS Z Dpesykcs, of Z -

-

-

since Dressit Is B holonomic, it has finite

length, so it is artinian, so the
chain stabilizes

.
thus

,
for some tea

,

FtEs C- Dpesykcsjf#¥?
That B

,
F Ffs) c- Dress ,kiss St

B Ess . ft#Is = ftfs
,

in Rfcs ' - E?
write Fish PIS ' T¥#=¥N¥DruEIbls)
-

with P'GIIDates]
,
WE KED 3

401
.



So
,
P'aol.ft-efs-bcss.ftf.es

.

DRIKFD
.

in RFID . Is
.

Set Rsk pics-th , best bcs- t) .
Then
, TKLPCDFES - beats ) ke#

=pkk-tlfktt-byk-tjfk-T.tlP'G) fttfs- b'cstftfs)
= O

,

since this holds for all EEE
,

Pcstffsebcsfs in Rf -03 - Es
.
Es

.

Suppose that fr fer we have
functional equations



Patsy . FIE bels)# and ask KED

Pals) . FE = BIDES
.

Then (PISH Pals)) FIS = ⇐Este baes)) Is
and class Pals)fIS= Cds) ballots

.

Thus
,
{ bed IFfunctional equation Arf

with bcs) and some Pcs) )
is an ideal in k$7

,
and B

nonzero by the theorem .

fFfEkE3,kfeHafdaroyhti
Def the Bernsteinsato polynomial of
f-c- KEI Ck field ofchoro) is
the monic generated of the ideal
{ best IF PCs) C- Duets] with Pcstfffbcshfs}
Denote byes) .

.



Prof If FER is not a unit,the
Cst1) I bfcs) .

7¥ Equivalent to show that for

any functional equation
forf
,
s= -I

is a root
.

Indeed
,

PC-11 . Fo = bit1) .F1
,
but

PC-It . fo E R
,
while F1 Ef R

,
so

be-17=0
. Du

EI : 1) For Xi EKEI
,
b = St 1

,

scorning from ¥ - Xi XI -- Ha - XI
.

2) For Xin C- KID,bxincsklStIlsthIt-fStEJ.comingfromZn@oxiT.xExits = bxicsixis
.



3) Forf*Itk3 , bfcst 1St1)Gt Td case%) .

Exercise. For ¥+1 , find a functional

equation & Pnd Bernstein- Sato polynomial .
theorem [Kashiwaray : For k field of charo

,

R -- KEEF
, byes) = IT IS + Pike )

pi . Ei EIN>o so each
rood is stiiiegtative and rational.

In particular, zero is not aroot
,
nor is

any positive integer, so this
strengthens the fact that R B D-module simple:
ft R m) Pls ) . f-¥2 bfs) Is

PCSO) . f = byco) E QUOI .

( ⇒ R B D -module simple)



For TEN
,
have

Plo) . .
. Pct -2) Pit-1) ft = bet-1) be-2) -

- - blot
.-

C-④ 1203
.

Note can also characterize byes)
as monic poy .

of minimal degree such that
I Pls) t DR#EST with

pets .ft# = but -ft for allEEE
( in Rft .

can ask if we can find solutions
to functional equation in thissense
( in Rf ,

far all te El overany
ring .



EI For R= ELY yi¥
, if ft R

has poster degree ,
there are no

nonzero solutions to the functional equation.
if we have Pth . ft#= bits .ft-

Ttf ⇒Ft . IF

with PGIEDRIELSJ
,
btheGED

,

Brusthave I PITH = - Iff for allt ,
but [Dna] co E O .

Only have Pitt O ,
but- o as solution .

EE For R=④Ey¥ ,
F- x

.

HavexEoxPEDExe.x@ox5.xt"
= t.tt#Ixt



K
, PISH x#R blast- shed

yield a nonzerofunctional equation
for f.
Note that 5=-1 has to be a root

,

and so does 5-0 , because
X E (x) a D- ideal of R,
while 14kt ,
A Plo) - X = bus . ⇒ blot- O

.

See that b GK Soth is minimal monic

polynomial appearing in a
functionalequation .



Different
Let R↳ S be A -algebras,
R direct summands of S with

splitting p .

.

Have seenthat StDFA⇒ postreDFA .

DELA'm - H -N : Let Ris, p be as

above
.
let u be a Doatmoduk

,
N a PSA -module . Suppose funderthat
MEN with abelian group splitting 0 .

Say M is a DDI ofAN via or if
for all SEDSH and melt

430842); m = 018 ; m )
DRA -action Dsu -action
on M onN (meMEN)

might write (M,N, ol is a DDS .



430842); m O

Bafana-on
= 18 ; m )

DfE MmeMEH

EE CR
,
S
, p) B a DDS

.

Ipo Slr ) ; r = pls ;D
Dna - actors Dsu- action

- - onRpon#(M1
,Na , -02) , (Ma,Na, 02) DDSDEI An . S - module homomorphism FNL→Nsa

yields a DDSinorp-himifq.meKM2,
and the diagram

Nz es Na
tea tea
M1 -4>Ma

commutes
.

Prof If IM ,
Not B ADDS, andFER

,

then Of -- OQRRF T HfNfc Of)
is a DDS

,
and

(M
,
Nia → (Mf ,Ny, Of) DDS morphism .



430842); m ⑦

Bafana-on
= 18 ; m )

DfE MmeMEA

Ffi clear the diagram commutes ;
just check that it's a DDS .

=

For simplicity, take M=R, N--S.
4308kV Tft) EiKPoSk¥¥;

where c-Yik f- ITA, Ft) .
⑤ is#Koi:

"

'¥¥¥)
iii." M¥¥i

.

Suffices to show : Cpo Stp) 5) = 4308MHz .

by induction on j , jo trivial
.

[4308112551', Ft]
'[43085-174,77]

= 130551
'Kott- Ito Bo 854,2

=p o [85
-"
k , =p 08% .

Baa
.



Th 'm [ Florez Montaner-Huneke-Ninez Betancourt]:
Iet RHS polyfield ofchar O.

The FRS) C- Drifts] and best EELS]
nonzero sit . PHI fte set -ftfor
all te# ( in Rf) .
P¥ Have functional equation in S:
PITI . ftth Iftft foratte# in Sf

PIDE Distress,bTs#KED
.

Apply 0 =p Or RF {
Getty

,

ft -at oftbttlft) finally#
(PofHttp) . Fte

"

I#ft

Taking Pls) = Bo Folk
and best Tls ) , we

get a nonzero functional equation .



Cori There is a nonzero funkmat
equation for Ie R with

polynomial bfeslsl CBS poly
for f considered as an ehaunting

.

Can use same ideas to show
for R directgommadofpdyg ringof char O, for any

.

ideal IER
,

HEIR) has finite length as
a Dixiemodule

,
and hence has

finitely manyassociatedprimes .



RIE:#IsiEE¥¥
{ Reinterpret

functional equation in terms of

Dr#E - O
"'t

,

- O"'t
.

- o"'t? . . . .]
→ Mustafa

,
T

.
Biton

,
Quinlan - Gallego


