
k field of char O, E- KEI . . . .. Kidpoly .

D =DRIK
For a Lg. D-module? define
dem ) := digmengsooofnffraton

.

on M

= dimgDlgMMiGstandard
gradedBernsteinfiltration poly ring .

where G . compatiblewith B. A
grim , Goes t.g.grCD, B.) -module .

Independent of choice of G..
ecu) : = multiplicity of

grim ,G.) as a grad , BJ-module .

also independentofGo



E Take it = HEIR) I DID .

.

Me EE . . - EE KEE
,
.
. .in] as graded

K- vectorspaces .

This is generated by µ=L¥÷⇒
Then

,
GE BIgu is a good f-Heaton .

eat ist
ko Iad
"
je

Ia bist
K - [ftp.I#..x7pn-Ef---LMTz-n-E

.

"

Have dim * ( Entz-n-tf dime ( ERI et)
⇒ dCHE, CRD = dCRI -n
e CHE,CRD = eCRI-I

.

Exercise: compute die , of Raisingthe definitions .
Chik see e HI

.



I - in char O poly setting) .
Lene If it is a fin .gen .

D-module
with

any filtration F. compatible
Werth Ber

.

,
then dim CM F.) ZIM)

,

and if dim In , fol = DCM )
,then

Edens (MFT z ecu) .
PIF. Boils down any good filtration
is contained in a luuiform) shift
of an arbitrary filtration .( Exercise ) . I

Prof In char o poly ring setting,
let o →↳MAN-70 be a
short exactsequence ofLingen .

D-modules
.

Then • DLM) = max{du) ,dWB
,



and • if dkkd.CN) , then
evite#teal .

p¥ Take G. good filtration on M
w

.
ret, Ber. Claim : G •n L is a

good filtration on L , and GN is

a good f-It. ou N .

Have seen that there is SES
•→grcLionD →grim , G.)→grew, auto
of girlDate , 139 . Since grCDRK.BY
is North and grim ,

o
.) is fg ., so

is grcLion 4, so GML isgood .
grew, owl is quotient offgysofga.am

.

Then
, dimcgyfMG.D-maxsdimcgrkionubdimlgroyo.nl/3

l l

dm) dch) DIN) ,



and likewise for eccl ,ear ), eat. R

Lein Let SE Bt. Then ESAJT
, -29¥] e Bt?

PRI. Exercise .

TIMEBernstein 's inequality]: K ie Hoffa O,
F- KEI pohgiiign , cm,God is a
( Dixie

,
B . ) -module

. If M¥0
,
then

dim CM
,God zn .

Thus
, if His finger ,

d lU)E En , he, - -

y
2h}

.

P¥ Show by induction on t that
the

map of vector spacesBt- Hom
*
Cat, Gag

8 i- > (MHSm)
is injective .



Need to see that SEBI@3
,

then 8 (Gt) to
.

For t-- O
,
Bo -- K

,
so 1396k¥ ✓

.

Inductive step:
If [8 ,

Ii]= 0 for all i. then
S -- F C- Pin Bit
⇒ ES , #if to some i

unless FEBO ( in which case

can assomekatetyL-qq.IE#EEone
!

u

ar LI , to some i .

(SE - If)CGttF¥o I
⇐

µ

'

'

,
CSI, -8*87 lot-9*0
I

* Shift-YESKt) C# Eye 8Gt)
- or - I

- or-

Ot Scot-DE SLE) 1.0€ 81Gt-1) Escort)
.



This completes the claim .

Thus
,

GET = dim# BtkdimkLHoy.ie#EtH
'

dim,dG4 . dim D
.

and Cantt) + lower order terms
.

⇒ timesup 10,4%424!)staysup logG*Dlog Ct)
( I 11

2h lineup I
G'D

t

ogct)
But

,
Iimsup lo¥¥) )

log Ct)
= limsuplogldimcodthllogHHOGDJG.glat)



← lines up '

.

= dimwit)

Thus
,
2 dim (MiG.) 22N

.

dimCM, Go) ZN . Dhu
.

DEI K field of char O , R-- KEI . . . .. Xu].
A D- module is holonomic if it
is finitelygenerated and dcmkh,
or else M -- O.

we will say e (ok 0 . If
M is

holonomic
,
then M=o ⇐ ecoKO

.

Then
, if o→↳ u→N→O

are holonomic
,
ecutecuteCN)

.



Some
EI Holonomic modules are :
O

,
R
,
HEIR) . Lif mo)

A non holonomic module is DRIK
.

Ink : buddies & quotient mokes

of holonomic nobles are holonomic :
if NEM ,

d CN ) Edem) = u
,

so by Bernstein, N -

- O or DCN kn
.

N is finger . , since M is finger,
and Dak B left Noetherian

.

( if T is left Noeth
,
then f.

g.
⇐ North( for left . T-modeled



Prep :If M B a holonomic
D-module

,
then M has finite length

as a D- module; moreover,
Laak (M ) E ECM)

.

Pfe. If o → ↳ M→N-so SES

of holonomic D-modules , and
echt -- ecm )

,
then eat⇒ ⇒N-- O

,
⇒ f-M . Thus

, given a chainof submodules (proper)
-
- i € Ma E Me € M

Each Mi is necessarily holonomic .
we have een) ¥ elite) ⇒ ema) ¥ . - -

since these are allpositive integers,the
chain must have lengthaftmost ecu) .

TED



E± Sine R
, HI,CR) are holonomic

with e-I
, they have lengthat

most 1
, soothed are simpleD-modules.

In general " =
"

is rare .

"

=
"

⇒ eatery composition factor
has multiplicityI .

Q what can we
say
about holonomic

D-modules of multiplicity a
Ens holeD-mods with l -- either


