
€ Over ITF.) Altered K-alg .

with grit, Ed commodify. Katy,
M left 7-module withgoodf-Hooton 0.

Is any f-Kraken G. on M good?
A No

, e.g,
F- Dazzle with F . order filtration .

M -

- HEDGED
.

M -

- Deena . [¥]
,

a good filtration
is Gi -- Ti .Ex] = DIE#eo⇐]

= ¥7 EES .

"Ex]
=

a
1¥] i. [M]=i±KmkH7=i

Filtration condition:# Hoa .

.

F "HI E Haj
-

can preTerre this containment by
making H . bigger&bigger. . .



Set Hi GET =aE⇐L¥a]
.

= [M]z -rai-zfmkcttit.fi#Diiaxxa..HJ--DEe*iciG*D
c- GET

'

tis
s ghraciipt = Hits

.

Exercise girlM,H
.) is not a

finitelygenerated girlDead -module .
-
Bernstein filtration
-

Want to consider smaller
filtration on Deezk , kfield
of char O .
1¥ For k field ofdaro,
R-- KEI , on Dprk , we set



Bk K . { 8 c- DRIK homogeneous
Zord cat dog CSI Ei

}
.

B
.

is caked the Bernsteiufltaton.
we need to check that this is af-Hakan:
On monomial basis Ia Ia ? - -Fathima ,b
we have 2 ordfha.is) t deg guard' =L bl t lat - lbf Ialtlbl

.

Thus
,
BEE Bi# and Y. Bi -Dkk

.

If LE Bi
, BE BJ homogeneous, then

degkpkdegcastdegcp)Ord Corp) sordid tordcp) ,
so

deaf4333+2 ordkp) E it j .
thus

,
Boe is multiplicative .



Cantey, Bie , week. EET?- -fat
.

Note that each B " is a fin
.

due
.

K - vectorspace, whereas for D. order
filtration, each Di is a finite rank
free R-module

.

Compute associated graded :
BYBi-E-fafw.no thaEE- - -faint B")

.

Note that cx.it Bo#it Bo)
= #Exit 131¥# Xi-I) + B1
=¥. Ii + BE t Bo) (¥+139

.

Likewise
,
since Jiffy ,

or tifxj,
or ¥ 4¥. for Etj commute in Dane

,



their images commute in graze,
139
.

This gives a map
of K-algebras

1 I I I

K[ya . . .ignite. . . .Arif→grlDRK.BG
Yi l- Xit Bo

Zi 1-Exit Bo
.

Have yea . . -ginza . . -zbni-sxafzk.no#tB
""

!
"

so the 'homomorphism is a surjection;
is a map ofgraded K-algebras .
Have same vector space dimension in
each graded piece ,

so this is an

isomorphism .

Thus
, grBETD.pe#S:=grCDRik, B.)

is a standardgradedpoly ring
in 2n variables.



Dimensioufmultipkcityf-D-uddlesletR-KE.JPof rig, tfeldofdaro.
Let M be a fg.

D-module
.

Then U admits agood filtration
compatible with the Bernstein filtration,
say G

.

.

Note that Goe is notunique .

¥=D¥.¥→ G . = B . { me
.
. . -int} good

Take some m' E E?

→ G
' .

= B
.

{us , . . .int in
' 3 alsowithuieggo.JO#

grim ,o .) is a fig . graded
gr

Ber(Date )-module .



Kan use theory of Hilbert functions :
HCgrin,oh , n ) = deiuyftgrcm,o-Dsn )
is a polynomial function for
NZ -L for some t .

The degree of this poly is the
dimension of grim,GT as a
grBe4Dpek) -module , call if d,
and d ! times leading coefficient
is a positive integer.
Def for a filtered module CM

,
G .)

with each Gi a fu
.

dim
.
K-vectorspace,

we define dim cm,G.)⇐ lineup logging)
ogCn) .

and for an
integer d

edHog : = him
,
daimon,

I nd
.



FEE In notation of beginning example,take Hi -- flit)
.

drink (Gi) = it1 → dimCG9=1

drink ( ti ) = EtI → dimCHof2
Take Ji = GET → dim ( JT .

- tin,
'

⇒ his '

Fenice.

Prof R -- KEES , k field atafar O .

Let M be afg .

D-module with a

good filtration writ. Bernstein fit.
Then dimCM , G.) C- { 0,1, . . -, 243 ,
and for D= dimwit , Each,oil is
a positive integer.
P¥ Follows from Hilbertfunction



discussion : drinkCon)
= ¥•dimkC%i-e) (where G-1=0)
( via SES 's o → GET → Gi→%i⇒o)
II.dim * ( Tgrcm ,EDD
= drink ( Tgrcm, G]sn)= Hlgrcmcog, n) .

So dim# GM = and+ lower order
(for nzt some t )

,

with d ! a C- IN
>o

.

Then
,
tianya.la lineup 109¥71. digging, "

÷ d
.

and Eden ,G.) = d ! a c- IN>o .
Da

Thia k field char O
,
F- KEIpoly,

n Lg. D-module. If Gi Ho are



good filtration on Moe wat
.

Bernstein filtration, teen
dimlm

, G.) = dim lytta)
,
and

if we call this value d, often
ed (M, G.) = edCM,H

.)
.

.

P¥ Fc sit . Gh
-

CE HusGute

far all n
,
ST

dineKCG "-c) E dim,IHYEdim⇐G↳9
.

Write dim CM, G.) =:b , Eddie, cities
and likewise fr H ..
Since drink (Gn) = e¥

.

Ndt t lower orderterms
,

have dim
* (Gmc) = EE, creodont 4-
= Efa

.

( nd't (E) nda
-

It . . . ) +X
-

=
EG
⇒ nde t t

.

Same for -c .



% !

Iim dining
") slim dime"-9 slim dim

,!HM
To Tda

± line di¥ slim dimn9I=f÷
,

so line directly
n

g
is a Finite )
positive integer.

Thus
,
the degree of drink l Hh)

(as a polynomial for us>o )
is do

,
and ed

"
(M,Hot ee .

Dan
.

Def. k field char o
,

'

R -- k€7
,

Te finitelygeneratedD-module .

Thee we define
DCM) : = dim CM, GT
ECM) : = ed (M,Go ) for a

good filtration • . .



The previous theorem implies
this is independentofthe
cohort of G..
EE Take Brite as a

free cycle
mogdrk.se're Ber B good filtrationu.se#Ber.DRlk/ZKEfiEJ2nvariables

Stdgraded .

LCDate) =2h
e CDRIK# h

.

⇐ Take A- R . A- DID4¥33
.

cyclicgenerated byI .
G Bi

, ;
I is a good f-Halton

iaftn.si#IaEak---oEhyz)
-

- fats!KING = K' XE-ERI.cn
.



Then dCRI usuoaflndfmeasiai.am
e. CR) --

"

usatf#kid I
.

Exercise : For M -

- DID - see
,
Exa

.
. . .

,
Iad ,

are
what is duel

,
ecus ?

Kan
you recognize

M?
-


