
Now .

. want to show that polynomial
rings are D-algebra simple .

will have different proofs in dear o
and char

p>O.

Recatexercisei for a poly . ring over
afield,
[*a 0933, Ii] = *xd Cp

- e

→ [Iad431, deity= -y, XT
-eiz

where @c- = ( o
.
. - yo,I, o, - - y O)
I ith spot .

Thin '

.

K field ofdear 0, R --KES poly
ring . Then R i3 D-algebrasimple .
Pff:

'

Let Ito be a two-sided ideal

of DRIK, and 8EJ nonzero .

For te DRIk
,

note that LJ
, ofEJ.

Write 8 =Edith
- 243itfor somedeft.



Reorder so that lp.dz/pil for each i .
Apply =L, XJT pay- times foreachj .
We then get Fe Jiao} .

Then

apply fide;D repeatedly toget
some I C- Jyoti

,
GO IE J

. Da
.

Matrixrings n
. If R is a commutative

ring , and F is a free mode ofrank n ,
then a choice of basis for E (ie. an iso F= Roth)
induces an isomorphism EndRCF) IMontandR)

(= Houqzcfft) .

"

Left multiplication " in MatanCR)
§

row operations
" right multiplication " in Matara)

E
column operations



Given a matrixwith a nonzeroentry r in anyposition ,
cangenerate Casa two- sided ideal )

all matrices with entries in Cr) . Likewise
,if the entries ofMgenerate IER ,

then M generates Cas ateo-sided ideal)

→ Matan CI ) EMatnxn (R) . All two-sided ideals
arise the way .

Impartial 1) Matnxnlk ) is generally
not simple Carless RB afield).
21 A nominate M c-MetalR)

generates the whole Hoda ring as atwo- g-Bed ideal if it has a unit

entry.
An element ye Endpdf) (Ffree module)
generates the whole endo. ringif it has a unit entry utter respect to
any free basis fr F

.

Tim : Let # bee a perfectfield of charpro,and R-- KES poly ring
.sk R B

D-algebra simple .



Ef. Let Jt o bitwo-sided ideal, Se Jia .
We have Se Han

#CR, R) for some e
(and all larger e ) .

R free RPa- mod of finite rank
⇒ Hourpack,RKMata. ? CRPJ.

Thus
,
if 8 considered as a

matrix in Houippa (R, R) (for
some a ,

and some choice offree basis)
has a unit entry , then IED

'd
. 8. D

'"

EDat ' S 'Dae E J
.

First, consider St Horn,zpeCRR)
as a matrix with entries in RR

,

and let me be an entry .
Notethat

r is part of a free basis fr R
as a free RPC-module forsome c

.



This Fetches 1 asana
entry Ein its matrix for some basis .

.

-
We sawthis on Monday : given
a poly RER, can choose e largeenfgahgsjgtgagt.rbaonespaetWLG.be
wise

, rFEHomppe.ec/2Pe.RPe) has
1 as an entry in some bass
{fd for RPE over RR?

Now if {gp3 is ( Rz pipe zppete
a freebases fr Ronen Rpe

,

Gid Ha}

then { fagp3 R afreeba for Rover RPT
.

Then ish this basis
,
the matrix for S

has 1 as an entry .

DE



COI Let R be a polynomial ringover a perfect field * . then

every local cohomology modete
HIER ) is eitherto faithful Cas anR-modify

Rm#Exera The perfect field hypothesis
can be removed

. e.g. , by a

faithfullyflatbase charge argument.
Now
,
want to show that

D-algebra simple⇒ Cohen Macaulay .

Deff A local ring Chan) isdohertykid if
depthandRI = dimCRI .
A ring R is CI if Rp is
CM for all pre SpedR) .



Fads : It The rig definition does
-not

contradict the local definition :

depthmlR-de.nlRI =) depthplRpl = dimCRA
CR ion) local forallpeeped .

21 ( Rim ) B cu⇐ Hami CR) so
⇐ Hshttp,

Rap
(Rp) = 0
fall primes 72 .

3) If (Rim is local, ess. offinite type
over a field K and Rp B CM
for all peon ,

then Him Ck)
has finite length as an R-module

for is dinCR) .
Then NanduBergh) : Let R be essofLintype
over afield K and suppose that
R is D-algebra simple . Then R B CM

.



1¥ If not , pick prespawith Rys not CM ,
but Rg EM

forall ofEp .@e can do this since
R is Noetherian

, so specCR) satisfies

the descending chain condition .

Thus
,

if Eyal Rye notch} in nonempty,
it has a minimalelement]
Then Fic http with HippyRpt to
and has finite length as an Rp-module .
thus

, ft . HyIRplRpd -O .
Note that HippeRpk HfiRp)
( since they are computed bythe
exact same Tech complex) .
Then HipRpg is a nonzero Dpikheodek
that B not R-module faithfulothers
R B not D-algebra simple . *



Recall :
⇐

D- algebra simple⇒ D-module simple
1 IT
CM direct summaries of

polynomial rings
( classifieds invariant)

conjecture:(Levasseur-Stafford :

classical invariant rings Cin characteristic zag
areD-algebra simple .

Many oases are knowun l 25 , Schwarz) ,
but this is an open question still .
We will do finite group invariants

later
.

Iconatteoistic p analogue of ↳ conj .
was settled by Smith-Vandenbergh.


