
Introduction to Modern Algebra I UNL | Fall 2025

Midterm Exam

Instructions: Solve two problems from Part 1 and two problems from Part 2. You may use any
results proved in class or in the problem sets, except for the specific question being asked. You
should clearly state any facts you are using. You are also allowed to use anything stated in one
problem to solve a different problem, even if you have not yet proved it. Remember to show all
your work, and to write clearly and using complete sentences. No calculators, notes, cellphones,
smartwatches, or other outside assistance allowed.

Part 1: Old problems

Choose two of the following problems.

(1) Prove that, for any n ≥ 2, there is no nontrivial1 group homomorphism Z/n→ Z.

Proof. Let φ : Z/n→ Z be a group homomorphism. Then

0 = φ([0]) = φ([1] + · · ·+ [1]︸ ︷︷ ︸
n times

) = φ([1]) + · · ·+ φ([1])︸ ︷︷ ︸
n times

= nφ([1])

and since n 6= 0, we must have φ([1]) = 0. Thus φ is trivial.

(2) Let G be a group and H a subgroup of G. The centralizer of H in G is the set of elements of
G that commute with each element of H:

CG(H) := {g ∈ G | gh = hg for all h ∈ H} = {g ∈ G | ghg−1 = h for all h ∈ H}.

Prove that if H is normal in G, then G/CG(H) is isomorphic to a subgroup of the automor-
phism group of H.

Proof. Note that since H is normal, for any g ∈ G the map cg : G→ G given by cg(x) = gxg−1

restricts to a map H → H. Moreover, cg is an automorphism of H: it is a homomorphism
since cg(hh′) = ghh′g−1 = ghg−1gh′g−1 = cg(h)cg(h′), and it has inverse cg−1 .

We claim that the map ψ : G→ Aut(H) given by ψ(g) = cg is a homomorphism. Indeed, to
show that ψ(gg′) = ψ(g)ψ(g′) for g, g′ ∈ G, we compute for h ∈ H:

ψ(gg′)(h) = cgg′(h) = gg′h(gg′)−1 = gg′hg′−1g−1 = cg(cg′(h)) = (ψ(g) ◦ ψ(g′))(h).

Thus ψ is a homomorphism. The kernel of ψ is CG(H), since

ψ(g) = eH ⇐⇒ cg(h) = h for all h ∈ H ⇐⇒ ghg−1 = h for all h ∈ H ⇐⇒ g ∈ CG(H).

Thus, by the First Isomorphism Theorem,

G/CG(H) ∼= im(ψ) ≤ Aut(H).

1Recall that a homomorphism is trivial if its image is {e}.
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(3) Let G be a group of order pn, for some prime p and some n ≥ 1, acting on a finite set X.
Suppose p does not divide #X. Prove that there exists some element of X that is fixed by
all elements of G.

Proof. By the Orbit-Stabilizer Theorem, every orbit in X has cardinality dividing the order
of G. Thus, every nontrivial orbit has cardinality a power of p, and in particular, a multiple
of p. Suppose that there are no fixed points. Then we have

|X| =
∑
i

|Orb(xi)|,

where xi are representatives of the distinct orbits. By the observations above, the right hand
side is a sum of multiples of p, and hence a multiple of p. Thus |X| is a multiple of p. We
conclude that if p does not divide |X|, then there is a fixed point.

Part 2: New problems

Choose two of the following problems.

(4) Let G be a nontrivial finite group. Show2 that G has no nontrivial proper subgroups if and
only if |G| is prime.

Proof. Suppose that G is a nontrivial finite group with no proper subgroups. Then there
exists some g 6= e and we must have 〈g〉 = G by assumption. In particular, G is cyclic with
generator g. Let |G| = n. If n = ab for some a, b > 1, then 〈ga〉 is a nontrivial proper
subgroup of order b, so we must have that |G| is prime.

Suppose that |G| = p is prime. If H ≤ G, then |H| divides |G| by Lagrange, so |H| = 1 or
|H| = p. In the first case H = {e} is trivial, and in the second case H = G is improper. Thus
G has no nontrivial proper subgroups.

(5) Let G be a group, and H,H ′ be two subgroups of G. Prove that H ∪H ′ is a subgroup of G
if and only if H ⊆ H ′ or H ′ ⊆ H.

Proof. Let H,H ′ be subgroups of G. If H ⊆ H ′, then H ∪H ′ = H ′ is a subgroup of G, and
if H ′ ⊆ H, then H ∪H ′ = H is a subgroup of G.

Now suppose that H 6⊆ H ′ and H ′ 6⊆ H. Then there exists some h ∈ H rH ′ and there exists
some h′ ∈ H ′ rH. We claim that hh′ /∈ H ∪H ′. Indeed, if hh′ ∈ H, then h′ = h−1hh′ ∈ H
since H is closed under inverses and products, yielding a contradiction; if hh′ ∈ H ′, then
h = hh′h′−1 ∈ H ′, also a contradiction. Thus, H ∪ H ′ is not closed under products, and is
thus not a subgroup of G.

(6) Let G be a group and N ≤ H two subgroups of G.

(a) Give an example such that N E H and H E G but N is not normal in G.

2Note that you cannot use Cauchy’s Theorem, since we have not shown it yet. Instead, for the forward direction,
you might consider showing first that G = 〈g〉 for some g 6= e.
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Proof. There are many examples. One possibility is given by N = 〈s〉, H = 〈s, r2〉, and
G = D4. To see it, we claim that H = {e, s, r2, r2s} is a group of order 4. Indeed, we
check that H is closed under multiplication and inverses: products with e are trivial,
and ss = e, sr2 = r2s, s(r2s) = r2, r2s = r2s, (r2)2 = e, (r2s)s = r2, r2(r2s) = s,
(r2s)2 = e verifies the rest. Since [G : H] = [H : N ] = 2, then N E H and H E G. But
rsr−1 = r2s shows that N is not normal in G.

(b) Suppose that N E G and G/N is abelian. Prove that H E G and G/H is abelian.

Proof. By the Lattice Isomorphism Theorem that there is a bijection between subgroups
of G containing N and subgroups of G/N given by H 7→ H/N , and under this corre-
spondence, normal subgroups correspond to normal subgroups. Since G/N is abelian,
every subgroup of G/N is normal; in particular H/N E G/N , so by the Lattice Iso-
morphism Theorem, H E G. By the Cancellation Isomorphism Theorem we also have,
G/H ∼= (G/N)/(H/N). In particular, G/H is a quotient of an abelian group, so is also
abelian.
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