THE ISOMORPHISM THEOREMS

0. UNIVERSAL MAPPING PROPERTY FOR QUOTIENT GROUPS: Let f : G — H be a group
homomorphism. If N < G and N C ker(f), then there is a unique group homomorphism
f:G/N — H such that f = f o ;i.e., the diagram

commutes. Moreover, im(f) = im(f), and ker(f) = {gN | g € ker(f)}.

1. FIRST ISOMORPHISM THEOREM: Let f : G — H be a group homomorphism. Then

G/ker(f) L im(f)
g-ker(f) = f(g)

is an isomorphism.

2. DIAMOND ISOMORPHISM THEOREM: Let G be a group, H < G, and N < GG. Then
HN <G, NNH<H, N<J<HN

and
H HN

NnH N
MNAH) +— hN

is an isomorphism.




3. CANCELLING ISOMORPHISM THEOREM: Let GG be a group, M < N < G, M < G, and

N < G. Then
M <N, N/M < G/M,
and the map
(G/M)
— G/N
(/M) /

gM(N/M) +— gN

1s an isomorphism.

4. LATTICE ISOMORPHISM THEOREM: Let G be a group and N a normal subgroup of G,
and let 7: G — G/N be the quotient map. There is an order-preserving bijection of posets (a

lattice isomorphism)
v

{subgroups of G that contain N}
®
H
7 HA) ={z e G|n(x) e A}

{subgroups of G/N'}
m(H)=H/N
A

Then this bijection enjoys the following properties:
(1) Subgroups correspond to subgroups:
H<G < H/N <G/N.

(2) Normal subgroups correspond to normal subgroups:
H<4G < H/N <G/N.

(3) Indices are preserved:
|G : H) = [G/N : H/N].

(4) Intersections and generated subgroups are preserved:
H/NNK/N=(HNK)/N and (H/NUK/N)=(HUK)/N.




