
Math 325. Exam #2

(1) Definitions/Theorem statements

(a) State the definition of the limit of f(x) as x approaches a.

(b) State the Extreme Value Theorem.

(c) State the Bolzano-Weierstrass Theorem.

the limit of fat as x approaches a is L provided :
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Every sequence
has a monotone subsequence .



(2) Determine if each of the following statements is TRUE or FALSE, and justify your choice

with a short argument or a counterexample.

(a) There is some t 2 [�1, 1] such that t4 + 5t = �1.

(b) Every sequence has a convergent subsequence.

true

since 1-1×1=1*+5×13 a polynomial,
and Fc-11=-4←1<-6 = f-111

,
the Intermediate value theorem
ensures such a value of t .

FALSE

Every subsequence of
{ n3n%

diverges ,
since

any subsequenceis not bounded above .



(c) If f and g are functions such that lim
x!5

f(x) and lim
x!5

g(x) both exist, then lim
x!5

f(x)

g(x)
exists.

(d) If {an}1n=1 is a Cauchy sequence, and lim
k!1

a2k = 9, then lim
k!1

a2k�1 = 9.
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but lim fat does notexist .
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Rgan}n%→ Cauchy ,
it is convergentsince

so every subsequence
must

converge
to

the same value .



(e) If limx!0 f(x) = 3, then the sequence {an}1n=1 converges to 0, where an =
f(1/n)

n
.
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converges
to 0

land no value is 01
,
it followsthat

{ FAN }u¥ converges
to 3

.

Then we can insiderftp.nl-as-fltnl'¥
,
and since

{ fPtn3n% converges to 369¥35⇒ convergesto 0
,
the sequence converges

to

the protect, 0 .



(3) Proofs.

(a) Prove that the function

f(x) =

(
2x� 1 if x � 1

x if x < 1

is continuous at the point x = 1.

Let E >0
.

Take 8=42
.

Let ✗ be a real number such that

1×-11<8 .

If ✗ 21
,
then

IFal- folk 16×-11-11=12+-21
= 21×-7-1 =q 28 =E .

If + <1,then
tfcxtfttk 1×-11 < 8

=ELLE .

Thus , for
all such×

,

I fix) - LCF ) KE .

This shows thatFB catinuousat
✗= 1 .

☒



(b) Assume f is a function whose domain is all of R, let a be any real number, and assume

that limx!2 f(x) = L for some real number L. Prove that
1

if f(x)  a for all x, then

L  a.

1
Hint: I recommend a proof by contradiction.

By way of contradiction , supposethat
L > a. Taking E=L

- a ,
which

is positive by assumption ,
there is

some 8>0 such that

IF A)- Ll < 2-a
far ale

✗ such that 0<1×-4 < 8 .

Thus ,
for such ✗

,

fit) - L >
- LL -a) = a - L,

so fat >a , which
contradicts

our hypothesis .

we conclude

that Lea .

☒



Bonus: TRUE or FALSE: There is a sequence {an}1n=1 such that

{x 2 R | there is a subsequence of {an}1n=1 that converges to x} = [0, 7].

TRIE

Recall that there is a sequence
of rational numbers { 9n3u% in which

every
rational number occurs infinitely many

times .

Let { qnEu% be the

subsequenceof Squires
obtained by

skipping all terms
that are not in tee

interval Eo,7] . Call this sequence
{ rnhn% .

Let { rnk4% be a convergentsubsequence
of 9h4m7s .

Since 0 sinks 7 farall K,
we must have OEII.vnE- 7.



On the other hand, let a c- [0/7] .

Since 0 occurs in { rn3n¥ infinitely
manytimes,

there is a constant subsequence
go } of {rn }n¥

,

which
converges

to o
.

If a c- ( 0,7] , note
that there is

a sequence of rational numbers {unlike
that converges

to a.

passing
to a subsequence , we can assume

it consists of positive numbers lie,
let E=a

,

and take the subsequence {Vain}n% ,

with

N as in definition of converges .

)
.

This sequence is now a subsequence
of { rnhn% ,

so a is a
limitof

a subsequence of Ern }n% . *


