
Section 1.9 Notes Math 314 Fall 2020

Learning Objectives

• Understand how to find the standard matrix of a linear transformation

• Determine whether a linear transformation T : Rn Ñ Rm is one-to-one

• Determine whether a linear transformation T : Rn Ñ Rm maps Rn onto Rm

The Matrix of a Linear Transformation

Example: Let e1 “

„

1
0



, e2 “

„

0
1



, y1 “

»

–

1
0
2

fi

fl, and y2 “

»

–

0
1
1

fi

fl. Suppose T : R2 Ñ R3 is a linear

transformation that maps e1 to y1 and e2 to y2. Find the images of

„

3
2



and

„

x1
x2



under T .

Solution: Observe that any vector x in R2 can be written as

x “

„

x1
x2



“

„

1
0



`

„

0
1



“ e1 ` e2

Then since T is a linear transformation,

T pxq “ T px1e1 ` x2e2q

“ T px1e1q ` T px2e2q

“ T pe1q ` T pe2q

“ y1 ` y2

“

»

—

—

–

fi

ffi

ffi

fl

Therefore, T

ˆ„

3
2

˙

“

The previous example illustrates that a linear transformation T : Rn Ñ Rm is completely deter-

mined by what it does to the of the nˆ n identity matrix In.
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Theorem 1.10: Let T : Rn Ñ Rm be a linear transformation. Then there exists a unique

matrix A such that

T pxq “ for all x in Rn

In fact, A is the m ˆ n matrix whose jth column is the vector , where ej is the

jth column of the identity matrix in Rn:

A “

« ff

Definition: The matrix A above is called the matrix for the linear

transformation T .

Example: Find the standard matrix A for the projection of R3 onto the x1x2-plane T pxq “

»

—

–

x1

x2

0

fi

ffi

fl

.

Example: Find the standard matrix A for the linear transformation T : R2 Ñ R2 that rotates the

plane about the origin through an angle of π
4 radians counterclockwise. Hint: Determine how T

transforms e1 and e2. Knowledge of the unit circle could help.

x1

x2

´1 1

´1

1

x1

x2

´1 1

´1

1
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Existence and Uniqueness Questions

Definition: A mapping T : Rn Ñ Rm is said to be onto Rm if each b in Rm is the image

of x in Rn.

Equivalently, T is onto Rm when the range of T is all of the codomain Rm. That is, T maps Rn

onto Rm if for each b in the codomain Rm there exists at least one solution of .

Therefore, the question: “Does T map Rn onto Rm?” is an question.

Definition: A mapping T : Rn Ñ Rm is said to be one-to-one Rm if each b in Rm is the

image of x in Rn.

Equivalently, T is one-to-one if, for each b in Rm, the equation T pxq “ b has either a

solution or . Therefore, the question: “Is T one-to-one?” is a

question.

Theorem 1.11: Let T : Rn Ñ Rm be a linear transformation. Then T is one-to-one if and

only if the equation T pxq “ 0 has .

Theorem 1.12: Let T : Rn Ñ Rm be a linear transformation, and let A be the standard

matrix for T . Then:

a. T maps Rn onto Rm if and only if the columns of A .

b. T is one-to-one if and only if the columns of A .
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Example: Let T be the linear transformation whose standard matrix is

A “

»

—

—

—

—

–

1 0 3

´4 ´3 0

5 4 6

0 ´1 4

fi

ffi

ffi

ffi

ffi

fl

Does T map R3 onto R4? Is T a one-to-one mapping?

Example: Let T px1, x2, x3q “ p3x1 ` x2 ´ x3, 6x1 ` 7x2 ` x3q.

a. Find the standard matrix of T .

b. Is T a one-to-one mapping?

c. Does T map R3 onto R2?
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